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CONSERVATION LAWS AND GROUP PROPERTIES OF EQUATIONS

OF ISENTROPIC GAS MOTION

UDC 533.6+517.944Yu. A. Chirkunov

A system of equations of isentropic gas motion with n � 2 is classified in terms of zero-order con-
servation laws with the use of the method of A-operators. New conservation laws are found to be
valid only for potential isentropic motion of the Chaplygin gas. In this case, the greatest number of
nontrivial conservation laws is obtained, with n scalar conservation laws being nonlocal. Additional
properties of symmetry of the considered equations associated with these conservation laws are indi-
cated.
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Introduction. The search for conservation laws for systems of differential equations is discussed in many
publications. In particular, Shmyglevskii [1] obtained a full system of zero-order conservation laws for equations of
motion of a perfect gas in a three-dimensional formulation. Ibragimov [2] found additional conservation laws for
equations of motion of a polytropic gas by applying point symmetry operators to the classical conservation laws.
Ibragimov [2] also derived an additional conservation law for a system of equations of potential isentropic motion
of a polytropic gas.

In the present work, a system of equations of isentropic gas motion with n � 2 is classified in terms of
zero-order conservation laws with the use of the method of A-operators [3]. It is demonstrated that the condition
of an isentropic character of the flow does not generate new conservation laws in this system (in contrast to the
conventional system of equations of gas motion). A system of vortex-free isentropic gas motion and a system
of equations of potential isentropic gas motion are classified in terms of the zero-order conservation laws by the
method of A-operators. For the latter system of equations, the greatest number of nontrivial conservation laws is
observed in the case of the Chaplygin gas, with n scalar conservation laws being nonlocal. A group classification is
performed for the system of equations of potential isentropic gas motion, which allows the set of nontrivial zero-order
conservation laws to be extended. It is found that the system for the Chaplygin gas admits the greatest Lie group
of transformations.

Isentropic gas motion is described by the equations

ut + (u · ∇)u + f(ρ)∇ρ = 0, ρt + u · ∇ρ + ρ div u = 0, (1)

where t is the time, u = u(t, x) is the velocity vector, ρ = ρ(t, x) is the density, x = (x1, . . . , xn) ∈ R
n (n � 2),

f = f(ρ) = c2/ρ, and c = c(ρ) > 0 is the velocity of sound.
In the case of vortex-free isentropic motion, system (1) is supplemented by the equation

∇Λu = 0. (2)

Introducing the potential ϕ = ϕ(t, x) of the velocity vector

u = ∇ϕ (3)
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and integrating the momentum equation in system (1), we obtain the Cauchy–Lagrange integral

ϕt + |∇ϕ|2/2 + i(ρ) = 0, (4)

where i = i(ρ) is the specific enthalpy [i′(ρ) > 0].
Using the method of A-operators, we solve the problem of classification of Eqs. (1)–(4) in terms of zero-order

conservation laws and establish additional properties of symmetry for these equations, which are caused by new
conservation laws.

1. Conservation Laws. The zero-order conservation law for a system of (S) first-order differential equa-
tions with independent variables t and x and dependent variables u, ρ, and ϕ is a relation of the form [2]

(D · A)(S) = 0,

where A = A(t, x, u, ρ, ϕ) = (A0, A1, . . . , An), D = (D0, D1, . . . , Dn), Di = Dxi is the operator of total differenti-
ation with respect to the variable xi (i = 0, 1, 2, . . . , n), and x0 = t. In gas dynamics, the physical meaning of the
conservation law A = (A0, A1, . . . , An) is determined by the component A0, which is the density in the conservation
law, and by the flow vector B = A1 − A0u, where A1 = (A1, . . . , An).

As the generating conservation law A [3], we use the momentum conservation law

A0 = ρu · a, B = pa,

where a is a constant fixed unit vector and p is the pressure.
The results of the classification performed allow us to draw the following conclusions.
1. The set of nontrivial zero-order conservation laws for system (1), which describes isentropic gas motion,

is restricted in the case of an arbitrary function f(ρ) to the classical conservation laws. This set is extended only
for a polytropic gas with an adiabatic index equal to (n + 2)/n. In this case, the conservation laws derived in [2]
are also valid:

A0 = t(ρ|u|2 + np) − ρx · u, B = p(2tu − x), A0 = t2(ρ|u|2 + np) − ρx · (2tu − x), B = 2tp(tu − x). (5)

2. The set of nontrivial zero-order conservation laws for system (1), (2), which describes vortex-free isen-
tropic gas motion, is restricted in the case of an arbitrary function f(ρ) to the classical conservation laws and the
conservation law

A0 = u · div Ω(t, x), B = (|u|2/2 + i(ρ)) div Ω(t, x) + Ωt(t, x)〈u〉 − (u · div Ω(t, x))u,

where Ω(t, x) is an arbitrary antisymmetric tensor of rank 2 in R
n, which is a consequence of the vortex-free

character of motion. This set is extended only for a polytropic gas with an adiabatic index equal to (n + 2)/n. In
this case, the conservation laws (5) are also valid.

3. The set of nontrivial zero-order conservation laws for system (1)–(4), which describes potential isentropic
gas motion, is restricted in the case of an arbitrary function f(ρ) to the classical conservation laws. Additional
conservation laws appear only at f(ρ) = αργ−2 (α �= 0 and γ are arbitrary constants).

For γ �= −1 and (n + 2)/n, the conservation law

A0 = ρ[(γ(n + 2) − n)t|u|2/2 − (γn − (n + 2))(ti(ρ) + ϕ) + (γ + 1)(ntp/ρ − (x · u))],

B = 2(n + 1)tρ2i′(ρ)u − (γ + 1)p(ntu − x)
(6)

is also valid, which is equivalent to the conservation law given in [2] for a polytropic gas with the equation of state
p = αργ (α = const �= 0) at γ �= ±1.

For γ = (n + 2)/n, the conservation laws (5) are also valid.
For γ = −1 (Chaplygin gas), in addition to the conservation law (6), the following conservation law

is also valid:

A0 = ρb · [(|u|2/2 − p/ρ − (ρi(ρ))′)x − ϕu], B = p(x · b)u + ϕρ2i′(ρ)b (7)

(b is an arbitrary constant unit vector).
Formulas (7) define n independent conservation laws for system (1)–(4). In the case of the Chaplygin gas,

therefore, this system has the greatest number of nontrivial zero-order conservation laws.
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The conservation law (6) with γ �= (n + 2)/n and the conservation law (7) with γ = −1 are nonlocal
conservation laws for system (1) with a nonlocal variable ϕ. Thus, system (1) has nontrivial nonlocal zero-order
conservation laws depending on the nonlocal variable ϕ = ϕ(t, x) if and only if the equation of state of the gas is
determined by the relation f(ρ) = αργ−2, where α �= 0 and γ �= (n+2)/n are arbitrary constants. The corresponding
nonlocal conservation laws are determined by formulas (6) and (7). The greatest number of such conservation laws
is observed in the case of the Chaplygin gas.

2. Group Properties. To answer the question which properties of symmetry of equations that describe
potential isentropic gas motion are responsible for the emergence of additional conservation laws, we consider the
problem of the group classification of system (1)–(4) with respect to an arbitrary element f(ρ).

The equivalence transformations that retain the differential structure of system (1)–(4) are described by the
relations

t′ = at, x′ = x, ϕ′ =
ϕ

a
+ abt, ρ′ = kρ, u′ =

u

a
,

where a, b, and k (ak �= 0) are arbitrary constants. The arbitrary element is transformed by the formula

f ′(ρ′) =
1

a2k
f
(ρ′

k

)
.

The kernel of the basic Lie groups of transformations of system (1)–(4) is generated by the operators

∂t, ∂x, t ∂t + x · ∂x + ϕ∂ϕ, t ∂x + ∂u + x ∂ϕ, Q〈x〉 · ∂x + Q〈u〉 · ∂u, ∂ϕ

(Q is an arbitrary antisymmetric tensor of rank 2 in R
n) and is (with accuracy to the operator ∂ϕ) a presentation

of the Galileo group in the space R
2n+2(t, x, u, ϕ).

The basic group is extended only at f(ρ) = αργ−2, where α �= 0 and γ are arbitrary constants.
For γ �= ±1 and (n + 2)/n, system (1)–(4) admits the additional operator

t ∂t − u · ∂u − ϕ∂ϕ − 2
γ − 1

ρ ∂ρ. (8)

For γ = 1, system (1)–(4) admits the additional operator

t ∂ϕ − ρ ∂ρ.

For γ = (n + 2)/n, system (1)–(4) admits two additional operators: operator (8) and the operator

t2 ∂t + tx · ∂x + (x − tu) · ∂u + (1/2)|x|2 ∂ϕ − ntρ ∂ρ.

For γ = −1 (Chaplygin gas), system (1)–(4) admits the following additional operators: operator (8) and the
nonlocal vector operator

x∂t + ϕ∂x + (|u|2/2 − 1/ρ2) ∂u − u(u · ∂u − ρ ∂ρ), (9)

where ϕ = ϕ(t, x) is the nonlocal variable. Therefore, it is in the case of the Chaplygin gas that system (1)–(4)
admits the greatest Lie group of transformations.

The conservation law (5) is (with accuracy to the trivial conservation law) a result of the action of the
canonical Lie–Backlund operator [2] equivalent to operator (9) on the momentum conservation law.

Remark 1. In the case of the group classification of the system

ϕt + |∇ϕ|2/2 + i(ρ) = 0, ρt + ∇ϕ · ∇ρ + ρ Δϕ = 0,

which is a subsystem of system (1)–(4), the Chaplygin gas does not possess specific properties.
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